We study the zero-temperature criticality of the Ising model on two-dimensional dynamical triangulations to contemplate its physics. As it turns out, an inhomogeneous nature of the system yields an interesting phase diagram and the physics at the zero temperature is quite sensitive about how we cool down the system. We show the existence of a continuous parameter that characterizes the way we approach the zero-temperature critical point and it may enter in a critical exponent. * ambjorn@nbi.dk † 1 DT was first introduced as a regularization of 2d quantum gravity [3] [4] [5] [6] [7] [8] . For a review see [9] . 2 While the critical spin exponents remain the ones of the flat space, the back reaction of spins on the geometry in the case of more than two Ising models coupled the triangulations is quite strong. Thus we have a kind of c = 1 barrier even for CDT. This is confirmed by studying massless scalar fields coupled to CDT [30] 
Introduction
The Ising model on 2d dynamical triangulations (DT) is a statistical system including quantum effects of gravity, which has been studied first by Boulatov and Kazakov [1, 2] 1 . We call this model the Boulatov-Kazakov Ising model. Through the use of matrix models, the Boulatov-Kazakov Ising model was solved exactly and all the critical exponents were obtained analytically [2] . Those are different from Onsager's critical exponents of the Ising model on a flat 2d regular lattice [10] . Due to quantum gravitational effects, the phase transition is changed from a second order transition to a third order transition at a finite critical temperature, and the continuum theory defined at the critical temperature turns out to be Liouville gravity coupled to a conformal field theory with central charge c = 1/2. The scaling dimensions of primary operators in the c = 1/2 conformal field theory change to the Knizhnik-Polyakov-Zamolodchikov (KPZ) values [11] , which are caused by gravitational dressing. At the same time the long range fluctuations of spins interacting with geometry changes the critical properties of 2d quantum gravity itself at the critical temperature.
Causal dynamical triangulations (CDT) were introduced as a different class of triangulations [21] [22] [23] , mainly in an attempt to cure some of the problems encountered in the DT formalism in more than 2 dimensions (see [24, 25] for reviews). However, one can also study 2d CDT, and in particular one can couple the Ising spins to the model, in the same spirit as described above. This spin model has not been solved analytically, but it can be studied by high temperature expansions and Monte Carlo simulations and the results are clear: the critical exponents of the Ising model coupled to CDT are identical to the Onsager exponents [26, 27] . The 2d CDT model allows much less geometrical fluctuations than the 2d DT model and the allowed fluctuations are not strong enough to change the Onsager exponents of the spin system 2 . In particular it has been shown that the ability to create baby universes are important for the change of the Onsager exponents, and this is explicitly forbidden in 2d CDT [28] .
A generalized 2d CDT model (GCDT) which allowed the creation of a finite number baby universes was introduced in [16] [17] [18] . A one-matrix model which could interpolate between DT and GCDT was introduced in [19, 20] and an intuitive understanding of this interpolation in terms of an inhomogeneous lattice structure, as well has the possibility of new scaling limits using this inhomogeneous lattice structure was presented in [14] .
It is possible to couple Ising spins to GCDT in the spirit of Kazakov and Boulatov. It was first done in [29] . The corresponding two-matrix model was explicitly solved and related to the Boulatov-Kazakov model in [12] . In the one-matrix model [14] it was shown how a scaling parameter θ allowed one to reach the GCDT regime from the DT regime in the limit θ → 0. These considerations were extended to the Ising model in the two-matrix model of [12] . For a fixed scaling parameter θ > 0 the model can be mapped onto the Boulatov-Kazakov Ising model. The critical temperature of the Ising spins of the model is a function of θ and for θ → 0 this critical temperature also goes to zero (but for any θ > 0 it is mapped to the critical temperature of the Boulatov-Kazakov Ising model, which is of course independent of θ). Thus the limit θ → 0 is interesting, since the geometry of the triangulations might change from DT to GCDT. According to [14] there are even several ways to take the θ → 0 limits, leading to different ensembles of triangulations with different fractal properties, and consequently these different limits might also lead to different critical behavior of the Ising spins. This is the topic we want to study in this article. This paper is organized as follows. In section 2, we review the Boulatov-Kazakov Ising model in a self-contained manner. Section 3 is devoted to an introduction of the model [12] and in particular to explain useful tools we use in due course. We then study the critical behaviors of the system in section 4, focusing especially on the zero temperature. Section 5 contains summary and discussion.
Boulatov-Kazakov Ising model
The Ising model on 2d dynamical triangulations (DT) was first introduced in the seminal paper by Kazakov [1] , and with an external magnetic field added to the system, all the critical exponents of the model could be calculated analytically [2] . In this section we give a short review of this model (the Boulatov-Kazakov Ising model) without an external magnetic field, using triangulations with the Ising spins placed in the center of the triangles, or equivalently φ 3 graphs with the Ising spins placed at the vertices.
Let us first consider a closed, connected, planar graph G consisting of vertices of degree 3, and define the Ising model on the graph G:
where β is the inverse temperature, σ i being ±1 a spin located at a vertex i, {σ} a sum over all spin configurations and <i,j> a product with respect to all nearest-neighbor pairs of vertices. The Boulatov-Kazakov Ising model is given by a sum of (2.1) over all possible closed, connected, planar graphs:
where |Aut(G)| is the order of automorphism group of G, n(G) the total number of vertices in G, g essentially a weight for each vertex and an additional weight ( √ c/(1 − c 2 )) 3/2 enters to make a connection with a matrix model introduced in due course. Here c and g are related to the inverse temperature and the dimensionless cosmological constant λ such that c = e −2β and g = e −λ , respectively. The φ 3 graphs (or the dual triangulations) are all assumed to have spherical topology and the sum over these graphs is the lattice version of the integration over 2d (spherical) geometries, in this way coupling quantum gravity to the Ising model.
The sum (2.2) can be rewritten as a sum over the number of vertices:
We can view n as proportional to the volume (the area A) of 2d spacetime, since in the dual graph n is the number of triangles, which we all consider having the same area proportional to ε 2 , where ε is the length of a link in the triangulations. Thus A(n) ∝ n · ε 2 , and Z n (β) can be understood as the partition function of the Ising model of a fixed (spacetime) volume, but dressed by quantum gravity since it contains effects coming from the sum over all possible spherical triangulations with a given n. The power series (2.3) is convergent since for n 1
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where γ s is a universal constant known as the string susceptibility exponent. A finite radius of convergence g k (β), sometimes also called a critical coupling constant, essentially defines the free energy per vertex in the thermodynamic limit: 5) and the critical coupling constant has been computed [1, 2] :
where c = e −2β . In the low-temperature regime
while in the high-temperature regime
At the critical temperature β −1 k or equivalently
the free energy and its first derivative are differentiable functions, but the specific heat, a second derivative of the free energy,
has a cusp (see Fig. 1 ). This is a signal of a third-order phase transition. As mentioned, introducing a magnetic field into the system, all critical exponents have been calculated: α = −1 , β = 1/2 , γ = 2 , δ = 5 , dν = 3 [2] , and they are different from the flat-space Onsager exponents.
Continuum limit
The power series (2.3) become singular at g = g k and its singular behavior is characterized by the appearance of a fractional power in the expansion around g k : where c 0 , c 1 , c 2 and c 2−γs are numerical constants and γ s , string susceptibility exponent, quantifies the singularity. We have γ s = −1/2 at β = β k while it changes at β k to −1/3. As mentioned this change is a result of the back reaction of spins on the geometries. The fractional power in the expansion implies that if one differentiates Z(g, c) suitable times with respect to g, it diverges at g = g k . As a result, the average number of vertices blows up when tuning g to g k :
where "sing" means to pick up the singular part. Using this singular behavior, one can define the continuum limit. The large-n asymptotic behavior of the partition function (2.4) implies, for n 1,
where g k =: e −λ k . As can be understood from (2.12), this large-n behavior becomes important if tuning g to g k . Therefore, introducing the lattice spacing ε of triangulations one can, as mentioned above, define the physical area A and the renormalized cosmological constant Λ by 14) and the continuum limit is obtained by tuning g → g k (and correspondingly ε → 0) such that Λ is kept fixed and A finite. Taking this continuum limit, one obtains
This quantity can be compared with the path-integral of the Liouville theory coupled to conformal field theories with fixed area A. At β = β k , it coincides with that of the Liouville theory for pure gravity, i.e. Liouville theory coupled to matter fields with c = 0. At the critical temperature, the spin fluctuations diverge, and as a result one obtains instead the behavior of the Liouville theory coupled to a c = 1/2 conformal field theory.
The matrix model representation
The so-called matrix models allow us to implement the sum over graphs via simple Gaussian integrals. In the case of the Boulatov-Kazakov Ising model, the following two-matrix model plays that role [1, 2] :
where ψ ± are Hermitian N ×N matrices, Dψ ± the Haar measures on U(N ) and the potential
The integral (2.16) is defined formally as a power series with respect to g, and the coefficient to g n generates Feynman graphs with n vertices of degree 3. The vertices associated with ψ 3 + can be thought of as having Ising spin σ = 1 and the vertices associated with ψ 3 − as having Ising spin σ = −1. By Wick's theorem, the integral (2.16) implements the sum over all possible graphs with the nearest-neighbor spin interactions taken into account properly if c = e −2β . If one takes the matrix size N to be large, one can suppress non-planar graphs in the sum. With this understanding, the Boulatov-Kazakov model can be defined by the matrix model as follows:
where the logarithm is needed to single out connected graphs.
A setup for cooling
To reduce the critical temperature of the Ising model on 2d DT down to the zero temperature and examine its critical behavior the following matrix model has been proposed [12, 29] :
where ϕ ± are Hermitian N ×N matrices, Dϕ ± are the Haar measures on U(N ) and the potential is given by
Perturbative expansions with respect to g give Feynman graphs consisting of vertices of degree 1 and 3. A typical planar graph is a skeleton graph with tree graphs attached (see the LHS of Fig. 2 ). Here the skeleton graph means a planar graph consisting only of vertices of degree 3. The parameter θ is a loop-counting parameter meaning that if θ 1, loops in Feynman graphs are suppressed and tree structures become dominant. This kind of modification was first introduced in the context of a one-matrix model in order to obtain GCDT from DT and it defines a new continuum limit of one-matrix models [19, 20] . The detailed disentanglement of the model in treeand skeleton graphs and possible scaling limits associated with this was studied in [14] . The two-matrix model (3.1) defines a slightly "modified" Ising model on 2d DT:
where G denotes a closed, connected, planar graph generated by the matrix model with the potential (3.2), and n 1 and n 3 the total number of vertices of degree 1 and 3, respectively. The critical temperature of this system becomes a function of θ, and as shown in [12] , when θ = 0, the critical behavior is nothing but that of the Boulatov-Kazakov Ising model, but when tuning θ → 0 the critical temperature reaches zero temperature at which the tree structures become dominant, resulting in a continuum theory different from the Liouville theory coupled to a conformal matter with c = 1/2. It is useful to classify vertices in a graph G into two kinds: skeleton vertices and others. Let us pick up a vertex of degree 3 and label the three links emanating from the vertex, say 1, 2 and 3 in a clockwise manner. When moving from that vertex to other vertices via links, if one can find a path coming back to the first vertex whichever link 1, 2 or 3, one starts with, the vertex picked up is called a skeleton vertex. Since θ is a loop-counting parameter, the number of skeleton vertices is supposed to be controlled by θ. Concerning (3.3) , if we implement the redefinition
where n t (G) and n s (G) are the total number of vertices and the number of skeleton vertices in a given graph G, we obtain
where
From (3.5) and (3.6) , it is indeed θ that controls the number of skeleton vertices, while the total number of vertices is controlled by g. 
the integral (3.3) becomes
Here Z tree is the sum of all connected planar, rooted tree graphs with a spin placed at each vertex of degree 1 and 3 as well as the sum over all spin configurations [12] . Through this transformation, the linear terms in (3.2) are integrated out and a typical Feynman graph is depicted in the RHS of Fig. 2 , which is a skeleton graph with dressed edges. The noncanonical quadratic terms in (3.9) contribute to the dressed edges through the dressed propagators
where the indices of the matrices have been omitted. The dressed propagators (3.11) and (3.12) can be obtained by summing all possible tree outgrowths from the canonical propagators, ϕ ± ϕ ± 0 and ϕ ± ϕ ∓ 0 [12] .
Rescaling the new variablesφ
the integral (3.8) becomes 14) where Z N is nothing but the matrix model for the Boulatov-Kazakov Ising model, with the coupling constants (g, c) substituted by the "Boulatov-Kazakov" coupling constants (c BK , g BK ) defined by
As a result, we obtain
Through the change of matrix variables, the inverse temperature in our original system, β = − log[c]/2, changes to
We can think of this change of temperature as a change of spins, i.e. the nearest-neighbor spin interaction changes if integrating trees out:
where < i, j >∈ v(G) (< i, j >∈ v(G s )) denotes a pair of nearest-neighbor vertices i and j in a set of vertices in a graph G (G s , a skeleton graph), and then we can define effective spinsσ i (g, c)'s by the following equation:
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One can show that 0 ≤ √ z ≤ 1 if g ≤ (1 − c)/2 for a given c. A qualitative behavior of the "spin renormalization" √ z can be seen in Fig. 3 . At zero temperature c = 0 we have √ z = 1 for g ≤ 1/2. On the other hand, at high temperature c = 1 we have g = 0 and √ z = 0. As one can see from Fig. 3 , the effective spins behave like ordinary spins in the low-temperature regime since the spin renormalization is not that sensitive to g and its value is almost 1. However, in the high-temperature regime the spin renormalization is very sensitive to g and rapidly goes down when increasing g up to its critical value (1 − c)/2. This means that at the high temperature, the effective spins strongly "feel" the existence of tree structures (already integrated out) which weaken the effective spins.
Criticality
In this section, we study the critical behavior of our Ising model defined in terms of the matrix model (3.1), focusing especially on the zero temperature regime.
The critical curve on which spin fluctuations diverge is determined by the set of equations [12] :
Removing θ from (4.1) and (4.2), we find the critical curve:
.
Inserting (4.3) into (3.15), we recover the critical point obtained by [2] : In addition, we have another critical curve for dominant trees determined by the condition that the average number of vertices in the dressed propagators (3.11) and (3.12) ,
Inserting (4.9) into (3.15) and (3.16), we have Therefore, we conclude that θ = 0 on the critical curve for dominant trees. We can compute the free energy per vertex on the critical curve for dominant trees. Let us rewrite (3.5) as For a given finite n s , the radius of convergence for the power series of g t yields
where we have used (3.6) and g * is a solution to (4.9). The free energy per vertex on the critical curve for dominant trees is
This is essentially the free energy per vertex of the classical 1d spin chain, or that of the Ising model on branched polymers [15] . Thus, along the critical curve for dominant trees, the system is magnetized only at zero temperature. Figure 4 : The phase diagram: The vertical axis is c and the horizontal one is g 2 . The green curve is the Boulatov-Kazakov critical curve that separates the high-and low-temperature phases and the orange curve is the critical curve for dominant trees. The purple curve is a schematic critical curve for the Liouville gravity for a fixed θ. Fig. 4 is the phase diagram. For a fixed θ > 0 we have a well defined map given by eqs. (3.15) (3.16) between (g, c) and (g BK , c BK ). In the Boulatov-Kazakov model we have a critical curve: for a given temperature β −1 BK , i.e. a given c BK = e −2β BK , there is a corresponding critical g BK where the continuum limit is that of Liouville gravity. This defines the critical curve in the (g BK , c BK )-plane. One point on this curve is special, namely the point given by eq. (4.4) , where the Liouville gravity theory changes from pure 2d gravity to 2d gravity coupled to a c = 1/2 conformal theory. For a fixed value of θ > 0 one can draw the corresponding curve in the (g, c)-plane. This is the the purple curve in Fig. 4 . For a fixed θ this is where one can take the continuum limit in our modified model. It crosses the Boulatov-Kazakov critical curve where the Ising spins become critical. For each θ one has a different curve. The vertical axis in the phase diagram corresponds to the case with θ being ∞, and with decreasing θ the curves gradually move to the right in such a way that they share the point (g 2 , c) = (0, 1) and asymptotically approach the critical curve for dominant trees on which θ = 0. To reach the zero-temperature critical point at which two kinds of critical lines meet, one has to tune θ to 0.
Zero-temperature criticality
The physics around the zero-temperature critical point is very sensitive to the way we approach the point. In the following we show several examples.
One way to approach the zero-temperature critical point, proposed in [12] is
where Λ and Θ are dimension-full coupling constants. g(θ) is chosen to be slightly away from the Boulatov-Kazakov critical curve in the spirit of (2.14), allowing us to interpret Λ as a cosmological constant, while the temperature is chosen such that tuning g(θ) → g k (θ) for fixed θ we would obtain Liouville gravity coupled to conformal matter with c = 1/2. However, here we now take the limit where ε → 0, i.e. θ is scaled to 0 at the same time as g(θ) → g k (θ). This limit defines a continuum theory around the zero-temperature critical point that is described by a continuum two-matrix model [12] . To analyze this limit (4.14), let us introduce Therefore, with the continuum limit (4.14), spins on skeleton graphs cannot be critical and the criticality is governed by that of trees. Next we introduce a continuum limit such that spins, tree graphs and skeleton graphs are all critical, which can be realized by the following choice:
where Θ a is a dimension-full coupling constant. This a-dependent continuum limit has been first introduced in the context of one-matrix model [14] . Inserting (4.19) into (4.15) and (4.16), one obtains
This means that if 0 < a < 3, spins, tree graphs and skeleton graphs are all critical. Based on the parametrization (4.19), we can show
where n t , n p and n s are the total number of vertices, the number of vertices in the dressed propagators and the number of skeleton vertices.
New critical exponents
Let us first consider the approach to zero temperature given by eq. (4. 14) . Recall that the whole critical line of Fig. 4 is mapped to the single critical point ((g BK ) k , (c BK ) k ) for the Boulatov-Kazakov Ising model on skeleton graphs. Similarly, the line defined by (4.14) is (for small ε) mapped to a single point (g BK , c BK ) given by eqs. (4.17) and (4.18) . This point has a finite distance (not necessarily small) to ((g BK ) k , (c BK ) k ) and the Ising spins on the (finite number of) skeleton vertices are uncorrelated. On the other hand, for the tree graph related to a given link (the dressed propagators), the number of vertices are of the order 1/ε 2 while the temperature β −1 is determined by c = e −2β and c ∝ θ 1/3 ∝ ε. Since the tree graph has Hausdorff dimension 2 and thus linear extension of order 1/ε, and since spin correlations in the tree behave essentially like on a linear chain, the correlation length is ξ(β) = 1/c. Thus we see that a given tree is essentially magnetized 4 A given spin configuration thus looks amazingly like a real, unmagnetized ferromagnetic material: it consists of a number of essentially magnetized regions (the dressed propagators), but the orientation of these are quite random, and the total magnetization of the piece of material is close to zero. However, we should stress that while there is this resemblance with a ferromagnet for a single configuration, the statistical properties are quite different, since a tree never is magnetized for nonzero temperature. The magnetic properties are like those of a one-dimensional Ising chain as we have shown explicitly.
Let us now turn to the more non-trivial scaling given by eq. (4.19), and characterized by the parameter a between 0 and 3. For a given dressed propagator the situation is as before: the size of a typical tree associated with a dressed propagator is according to (4.22) n p ∼ 1/ε 2a/3 and c(ε) ∼ ε a/3 , i.e. the correlation length ξ(ε) ∼ 1/ε a/3 . Thus a tree in a given configuration is essentially magnetized. However, according to (4.22) we have now a divergent number of skeleton vertices for ε → 0 and the corresponding Boulatov-Kazakov coupling constants (g BK (ε), c BK (ε)) now approach ((g BK ) k , (c BK ) k ) for ε → 0. The critical spin properties in such an approach is governed by two factors. The first one is that c BK (ε) = (c BK ) k . Thus, even if we had an infinite number of skeleton vertices, we would only have a finite spin correlation length
(4.23) and approaching the critical point from the low temperature phase as we are doing, we would have a magnetization per skeleton vertex m(∆c) ∼ |∆c| β , (4.24)
where the critical exponent β should not be confused with the inverse temperature also called β. This magnetization per skeleton vertex would be present if we had an infinite volume, i.e. if we for the given c BK (ε), instead of g BK (ε) had chosen the critical (g BK ) k corresponding to c BK (ε). However, we have a g BK (ε) = (g BK ) k , and thus we have a finite number of skeleton vertices n s ∼ 1/ε 2−2α/3 , i.e. a finite volume V s . In a finite volume we cannot determine the critical point (c BK ) k but we can determine the c BK where the correlation length ξ becomes of the order of the size of the system, or expressed in terms of the volume V s : We now have two ∆c, which are functions of ε:
, and ∆ 2 c = 1 V s (ε)
Clearly ∆ 1 c is irrelevant for the way we have chosen to approach zero temperature. Inserting into (4.24) we obtain m(ε) ∼ V −β/dν 
This is a new kind of critical behavior which interpolates between the Boulatov-Kazakov model, a = 0, and the GCDT model a = 3. However, in order to be able to identify the scaling behavior with a critical exponentβ, like in eq. (4.24), we have to write it in the form V −β/νd , and it is unclear how to think about exponentsν andd in our model. Hyper-scaling usually links ν d to the exponent α for the specific heat by α = 2 − νd. However, in our model there is no natural definition of the dimension d valid at all scales: the trees have a fractal dimension that is different from fractal dimension of the skeleton graph, so it seems unlikely that such a hyper-scaling relation exists.
Discussion
The DT graphs used to regularize 2d quantum gravity have generic fractal properties, among those that the fractal dimension of the graphs is four [31] . The generalized causal triangulations is another wide set of graphs, characterized by the property that the (graph)-distance from a vertex only has a finite number of local maxima, even for infinite graphs. The GCDT graphs have fractal dimension two. The coupling of matter to the ensembles of graphs is reasonably well understood in the DT case. If the matter system becomes critical for a certain choice of coupling constants, it defines a conformal field theory coupled to 2d gravity and both the critical properties of that matter system and the fractal properties of the ensemble of graphs change. Coupling of matter to GCDT graphs are much less studied, but the interaction between graphs and matter does not seem to change the critical properties of graphs or of the matter systems (if they have critical couplings). This has motivated the study of ensembles of graphs that interpolate between DT and GCDT ensembles, and further the coupling of matter to such systems. The present work is a continuation of the study of Ising spins coupled to triangulations in a two-matrix model which can interpolate between the DT and GCDT ensembles. We have found that one can obtain a non-trivial scaling of the magnetization with the size of the graph, namely eq. (4.28). However, the result is not entirely satisfactory since it essentially reflects the standard Ising spin behavior on sub-lattices consisting of planar φ 3 skeleton graphs. The main problem seems to be the character of the ensembles of interpolating graphs. They are simply too inhomogeneous, since the Ising spins are non-critical on the tree-subgraphs, except at strictly zero temperature, where they are trivially critical, like a one-dimensional spin chain. It would be interesting to find better homogeneous ensembles of graphs, i.e. ensembles which have only one well defined fractal dimension, and which interpolate between the DT and the GCDT ensembles. On these ensembles one might very well find new scaling behavior of the Ising model.
